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Abstract. Inelastic QED processes, the cross sections of which do not drop with increasing energy, play
an important role at high-energy colliders. Such reactions have the form of two-jet processes with the
exchange of a virtual photon in the ¢-channel. We consider them in the region of small scattering angles
m/E < 0 < 1, which yields the dominant contribution to their total cross sections. A new effective method
is presented and applied to QED processes with emission of real photons to calculate the helicity amplitudes
of these processes. Its basic idea is similar to the well-known equivalent-lepton method. Compact analytical
expressions for those amplitudes up to e® are derived omitting only terms of the order of m?/E?, 02, 0m/E
and higher order. The helicity amplitudes are presented in a compact form in which large compensating
terms are already cancelled. Some common properties for all jet-like processes are found and we discuss

their origin.

1 Introduction
1.1 Subject of the paper

Accelerators with high-energy colliding e™e™, ~ve, vy and
wTp~ beams are now widely used or designed to study
fundamental interactions [1]. Some processes of quantum
electrodynamics (QED) might play an important role at
these colliders, especially those inelastic processes the
cross section of which do not drop with increasing energy.
For this reason and since, in principle, the planned col-
liders will be able to work with polarized particles, these
QED processes are required to be described in full detail,
including the calculation of their amplitudes with definite
helicities of all initial and final particles — leptons (I = e
or u) and photons 7. These reactions have the form of a
two-jet process with the exchange of a virtual photon ~*
in the ¢-channel (Fig. 1).

We define by a jet kinematics in QED a high-energy
reaction in which the outgoing particles (leptons and pho-
tons) are produced within a small cone 6; < 1 relative to
the propagation axis of their respective parental incoming
particle. We work in the collider reference frame in which
the initial particles with 4-momenta p; and py perform a
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Fig. 1. Generic block diagram of the two-jet process ee —
jet jet,

head-on collision with respective energies E; and Es5 of
the same order. The subject of our consideration is the
jet-like process of Fig.1 at high energies (m; is a lepton
mass),

(1)

for arbitrary helicities of leptons, \; = +1/2, and pho-
tons, A; = +1. The emission and scattering angles 6; are
allowed to be much smaller than unity, though they may
be of the order of the typical emission angles m;/E; or
larger. Stated differently, the transverse momenta of the
final particles p,, are allowed to be of the order of the
lepton mass or larger:

s =2p1ps = AE1Ey > m7,

e
— <6 <1,

E, m; S Ipi| < Ei

(2)

The processes under discussion have large total cross
sections. Therefore, they present an essential background
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and they determine particle losses in the beams and the
beam life time. Since all these processes can be calcu-
lated with high accuracy independently of any model of
strong interaction, they can usefully serve for monitoring
the luminosity and polarization of colliding beams. Be-
sides, there is a specific feature exhibited by some of jet-
like processes — the so-called MD or beam-size effect (see
the review in [2] for details).

All these properties of the jet-like QED processes jus-
tify the growing interest in them in both the experimental
and theoretical communities in high-energy physics. Par-
ticular problems related to these processes were discussed
in a number of original papers [3-24] and in reviews such
as [25,26,2]. But only recently (see [24]) the highly ac-
curate analytical calculation of the helicity amplitudes of
all jet-like processes up to e* (shown in Figs.2-10) was
completed.

In the above-mentioned original papers different ap-
proaches and notations have been used. Here we develop
a new simple and effective method to calculate jet-like
processes and apply it to QED processes with emission of
real photons. In particular, we consider in detail the case
of the emission of up to three photons along the direction
of the initial particle (Fig.11).

It is quite important to realize that at high energies,
(1), the region of scattering angles (2) gives the dominant
contribution to the cross sections of all QED jet-like pro-
cesses such as those shown in Figs. 2-11. Just in this region
the amplitudes of these processes can be found in a “final
form” including the polarizations of all particles. By this
we mean that we obtain compact and simple analytical
expressions for all helicity amplitudes with high accuracy,
omitting only terms of the order of

2
mi 2 m;
ok 91‘ ) 0; - E; (3)

or higher order. Namely, the amplitude My; of any process
given in Figs. 1-11 can be presented in a simple factorized
form:

S
My; = qu1J27 (4)

where the impact factors J; and Jo do not depend on s.
The impact factor J; corresponds to the first jet (or the
upper block) and the impact factor Jy corresponds to the
second jet (or the lower block) of Fig. 1.

We give analytical expressions for these impact factors.
They are not only compact but are also very convenient
for numerical calculations. The reason is that we present
the impact factors in such a form that large compensat-
ing terms are already cancelled. It is well known that
this problem of large compensating terms is very difficult
to manage in all computer packages like CompHEP [27]
which automatically generate matrix elements and com-
pute cross sections.

It should be noted that the discussed approximation
differs considerably from the known approach of the CAL-
CUL group and others [28] by whom such processes are
calculated for not too small scattering angles 6; > m;/E;.
In that approach terms of the order of m;/|p;, | are ne-
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Fig. 3. Single lepton pair production in ~ye collisions: ye —
Tl e

glected, which, however, may give the dominant contribu-
tion to the total cross sections.

To get the high-energy helicity amplitudes in the jet-
like kinematics as compact analytical expressions and to
make the calculations very efficient we systematically ex-
ploit three basic ideas:

(i) a convenient decomposition of all 4-momenta into large
and small components (using the so-called Sudakov or
light-cone variables);

(ii) gauge invariance of the amplitudes is used in order to
combine large terms into finite expressions;

(iii) the calculations are considerably simplified in replac-
ing the numerators of lepton propagators by vertices in-
volving real leptons and antileptons.

All these ideas are not new. In particular, the last one
is the basis of the equivalent-lepton method [4,14,22] and
has been used to calculate some QCD amplitudes with
massless quarks [29]. However, as we will demonstrate in
the present paper, the combination of these ideas leads
to a very efficient way in calculating the amplitudes of
interest in the jet kinematics here considered.

1.2 Jet-like QED processes up to fourth order
with nondecreasing cross sections

We consider electromagnetic interactions of electrons,
positrons and photons on tree level in high-energy ee, evy
and ~7y collisions.

To third and fourth orders in the electromagnetic cou-
pling e the corresponding jet-like QED processes in the
form of block diagrams are shown in Figs. 2-10. Solid lines
represent leptons, the dashed one photons. Only those di-
agrams are drawn that give the dominant contributions at
high energies.

The third order processes are single bremsstrahlung
in ete collisions (Fig.2) and single lepton pair [*]~ pro-
duction in ~ye collisions (Fig. 3). To the fourth order pro-
cesses belong lepton pair production and bremsstrahlung
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Fig. 4. Double bremsstrahlung with single photons along each
initial lepton direction: ee — eeyy

Fig. 5. Double lepton pair production in ~~ collisions: vy —
ete It~

(T

Fig. 6. The process ye — [Tl ey with a final photon along
the initial lepton direction

}

Fig. 7. Two-photon pair production in ee collisions: ee —
eel” It

in various combinations, including simple combinations of
the above-mentioned third order processes (Figs. 4-6) and
new types of reactions (Figs. 7-10).

The discussed processes are important for the following
reasons.

(1) Some of these reactions are used (or are proposed to
be used) as monitoring processes to determine the collider
luminosity and to measure the polarization of the colliding
particles. For example, the double bremsstrahlung process
(Fig. 4) has been used as the standard calibration process
at several colliders in Novosibirsk, Frascati and Orsay [30,
31]. In [32] it has been suggested that one might use the
single bremsstrahlung process (Fig.2) for measuring the
luminosity and the polarization of the initial e* at the
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Fig. 8. Bremsstrahlung pair production in ee collisions: ee —
eeltl™

Fig. 9. Double bremsstrahlung ee — eeyy with two photons
along the direction of one initial lepton

Fig. 10. The process ve — ~IT1™ e with the both final photon
and lepton pair along the direction of the initial photon

Fig. 11. Triple bremsstrahlung ee — eeyy~y with three pho-
tons along the direction of one initial lepton

LEP collider (see also [33]). As was demonstrated experi-
mentally (see [34]), that process has a good chance to be
used for luminosity purposes. The same process has been
proposed [35] to measure the luminosity at the DAPNE
collider (see also [36]). The processes vy — putuete”
and vy — ptpu~ptp~ of Fig.5 may be useful to moni-
tor colliding vy beams [37,20,38]. Finally, the possibility
of designing u*u~ colliders is widely discussed at present.
Therefore, the processes = — IT171T1~ (I = e, u) may
be useful for luminosity measurements at those colliders
[39]. Recently, the processes of Figs.7 and 8 have been
taken into account as radiative corrections to the unpo-
larized Bhabha scattering used as calibration process at
LEP [40].



636

(2) Due to their large cross sections those reactions con-
tribute as a significant background to a number of ex-
periments in the electroweak sector and to hadronic cross
sections. For example, the background process ete™ —
eTe~ T~ is of special importance for experiments study-
ing two-photon and bremsstrahlung production of 77~
systems due to the known experimental difficulties in dis-
criminating pions and muons [41].

(3) The bremsstrahlung process of Fig. 2 is of special im-
portance for storage rings since it is the leading beam loss
mechanism: after emitting a photon with energy above ap-
proximately 1%, the electron leaves the beam. Therefore,
the luminosity and the beam life time of the eTe™ storage
rings depends strongly on the properties of this reaction
[42].

(4) The methods to calculate the helicity amplitudes of
these processes and to obtain some distributions for the
latter can easily be translated to several semihard QCD
processes such as 7y — ¢gQQ [20] (¢ and Q are different
quarks) and vy — MM’ vy — Mqq [43] (M, M’ denote
neutral mesons such as p?,w, ¢, ¥, 7", as...).

The outline of this paper is as follows. In Sect.2 we
describe the method for the calculation of the helicity am-
plitudes. In the next section we derive all vertices neces-
sary for the bremsstrahlung processes and discuss their
properties. Sections4—6 are devoted to the calculation of
the impact factors for single, double and multiple brems-
strahlung. Some general properties of the impact factors
are discussed in Sect. 7. The final chapter summarizes our
results. In the appendix we collect some formulae for the
Dirac bispinors and matrices in the so-called spinor or
chiral representation that appears to be useful for calcu-
lations in the region of small angles.

2 Method for calculation
of helicity amplitudes

2.1 Sudakov or light-cone variables

Let us introduce some notation using the block diagram of
Fig.1 for example. We use a collider reference frame with
the z-axis along the momentum p,; the azimuthal angles
are denoted by ¢; (they are referred to one fixed z-axis). It
is convenient to introduce the light-like 4-vectors P, and
PQI

2 2
m m

P =p - 1PQa Py =ps — 2p17 P12:P22:O’
sa sa

s = 2p1p2,
4e €
~ 27 _
S—(P1+P2) 2P1P25(1a+(12), (5)
1 2,1,2
a:§(1+\/1—46)%1—6, 6:m1772712
S

and to decompose any 4-vector A into components in the
plane spanned by the 4-vectors P; and P, and components
in the plane orthogonal to them:
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A=24P +yaPa+ AL,

2AP, 2AP,

> Ya = ~
S S

A2 = 533A?/A + A3_7

(6)

The parameters x4 and y4 are the so-called Sudakov vari-
ables (they often are referred also as light-cone variables).
In the used reference frame

TrpA =

Pl :Ela1(1a07071)7 P2 :EQGQ(l,0,0,—l),

pomi g m
a;=1-— ~1— —%
E?a E2’

and the 4-vector A has x and y components only, e.g.
AL =(0,4,,4,,00=(0,4,0), A =-A7.
Omitting terms of the order of ¢ only, we have

24P, 24P,

TA = y YA =
S S

§=s, A%2= sxAyA—Ai,

For the colliding particles the Sudakov variables are

2 2
mi my

y1=—, xz= , Y2 =1
S S

(7)
We also note the useful relation for all external momenta

(8)

which means that for each external momentum only three
parameters are independent (say z; and p,, for the first
jet).

The 4-vectors p; of particles from the first jet have
large components along P; and small ones along Ps. There-
fore, in the limit s — oo [with accuracy (3)] the parame-

1‘1:17

2 _ 2 _ 2
by =My = STiY; — Pi1

ters 9. P >
PidL2 i ..
n= - e, ©)
are finite, whereas
2p; P ? + p?
P = Pty T +pbl, i € jety, (10)
s sxT;

are small. The Sudakov variable z; is the fraction of the
energy of the first incoming particle carried by the ith
final particle. Analogously, for a 4-vector p; of particles
from the second jet the parameters

P, E .
= = —, € jety, 11
7 . 5 jety (11)
are finite, whereas
2, P 2 2
O o LU b TR S Wi (12)
s syl

are small. The parameter y; is the fraction of energy of
the second initial particle carried by the [th final particle.

Since
Lg = X2 — Z Ty, Yq = Z Yi — Y1,

IE€jet, i€jet,
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the Sudakov parameters for the virtual photon are small
and, therefore,

Zl‘i:l‘lzl,

i€jet

Zyl:ygzl.

IE€jety

(13)

Now we discuss the Sudakov decomposition of the pho-
ton polarization vector, using a final photon from the first
jet for example. We would like to recall that we have cho-
sen a coordinate system with a fixed z-axis transverse to
the beam direction.

Let e = e (k) be the polarization 4-vector of that
photon with 4-momentum & and helicity A = +1. Using
gauge invariance, this vector can be replaced by e + (k.
The arbitrary parameter ( is chosen in such a way that
the new polarization vector (for which we use the same
notation e) has no a component along P, i.e.

e=YcPo+ej. (14)
The parameter y, is determined from the condition ek =

0:
—QkLeL 2]€P2
SYe = —, T = .
Tk S

(15)

Since P,P, = Pre; = 0, the transverse component e
satisfies the usual normalization condition

eS_A)*eS_A/) _ e(A)*(k)e(A’)(k) _ 75/1/1/
and can be chosen as

A A
el =™ =—-22(0,1,i4,0) = —e{"V".

V2

Therefore, e does not depend on the 4-momentum of the
photon k contrary to the polarization vector e itself, which
depends on k via the parameter y.. This, indeed, is very
convenient in the further calculations since we can choose
the same form of the transverse 4-vector e, for all final
photons in the first jet. For the photon with helicity A and
polarization vector € = Z.P; + € in the second jet we use
the relation

(16)

&M =Y. (17)
In the following we systematically neglect terms of the

relative order of (3).

2.2 Helicity amplitudes in factorized form

The amplitude My; corresponding to the diagram of Fig. 1
can be written in the form

Mfi = Mfg%Mg’

. (18)

where M1" and M¥ are the amplitudes of the upper and
lower block of Fig. 1, respectively, and g,, is the metric
tensor. The transition amplitude M; describes the scat-
tering of an incoming particle of momentum p; with a
virtual photon and subsequent transition to the first jet
(similar for M>).
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We will show now that the amplitude of the process
can be presented with accuracy (3) in factorized form:

s
My; = q7J1J2,
V2

S

5
5= Y2pp,
S

Jl M{LPQ;L; (19)
In the limit s — oo the quantity J; (J2), called the impact
factor, can be calculated, assuming that the energy frac-
tions x; (y;) and transverse momenta of the final particles
p;1 (p;,) remain finite. Therefore, the impact factor J;
depends on z;, p, | with ¢ € jet; and on the helicities of the
first particle and of the particles in the first jet. Note that
the impact factor Jy (J3) results from the contraction of
the corresponding amplitude with the light-like 4-vector
Py (Py).

To show the factorization, we present the metric tensor
guv in the form
(P + Po)H (P + Py)”

w o _

(P + P)?
(P = P) (P —P)”
+
(P1— Py)? ol
2(PLPY + PPy ,

The first equality can be easily checked in the cms where
Py = (§/2/2)(1,0,0,1) and P, = (5'/%/2)(1,0,0,—1).
Note that (20) are exact. Using this expression for the
metric tensor in (18), we obtain the amplitude as a sum
of three terms:

2 174
My = i (M{'Py,,) (M3 P1,)

+ 23 (M Py (M Pa) + My EE Y. (21)

Let us estimate the contribution of each of these terms

to My;. The amplitude M{" of the upper block depends on

the momentum of the first particle p;, on the momenta p;

of the particles in the first jet and on the momentum ¢ of

the virtual photon. Since p; and p; have large components

along P; and small components along P> and ¢ has small

components both along P; and along P;, one obtains the
estimates

M{'Py, o< s®,  M{'Py, s, (22)
and analogously
My Py, <5, MYP,, x s (23)

By virtue of these estimates, only the first term in (21)
can give a contribution proportional to s. As a result, we
can use the representation (19) for this amplitude of the
process.

It is useful to point out another form of (19). Due
to gauge invariance of the amplitude with respect to the
virtual photon we have

unf = (:L‘qP1 + qu2 + ql)qu =0. (24)
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Taking into account that z, is small, one finds x4 Py, M{"
1/s, whereas y,Pa, M1" o s° and ¢, M{" oc s” which leads
to
q1
M{'P,, = —M{'=£. (25)
Yq
Analogously, we find for the second amplitude M} Py, =
—M}'qy /4. Therefore, we can represent the impact fac-
tors in the form
V2
Jl = _7M],_qulu7
5Yq

V2
Jy=——Mjq1,.
Sﬂjq

(26)
In other words, up to a factor

- o).

the impact factor J; coincides with an amplitude describ-
ing the scattering of the first incoming particle with the
virtual photon of “mass” squared ¢? and polarization 4-

vector
qip/ \/ _qi'

The representations (26) of the impact factors are very
important. They show that at small transverse momen-
tum of the exchanged photon both impact factors should
behave as
(27)

In our further analysis we will combine various contribu-
tions of the impact factor into expressions which clearly
exhibit such a behavior. The detailed properties of the
impact factors are described in Sects. 4-7.

Jigoc|gy| at g, —0.

2.3 Vertices instead of spinor lines

Let us consider a virtual electron in the amplitude M;
with 4-momentum p = (E, p), energy E' > 0 and virtuality
p? — m2. Due to jet kinematics, its virtuality is small,

|p?> — m?| < E?. We introduce an artificial energy

B, = Vi 2
and the bispinors u,(,)‘) and v,([,)‘) corresponding to a real
electron and a real positron with 3-momentum p and en-
ergy E, (the exact expressions for these bispinors are given
in the appendix). In the high-energy limit this artificial
energy is close to the true one:

E_Epi p2_m2 Np2_m2 (28)
E+E, (E+E,)?  4E?
Since
u](D)‘)ag‘) = E° —py+m, (29)

N -(
v(_;v(_; = Ep'yo + pvy —m,

we have the exact identity for the numerator of a virtual
electron [14]:

E+E, nv-(n
erm:iuﬁ,)ui(D)Jr

2F,

E—Ep )z

2E, P P

(30)
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where summation over the helicities A = +1/2 is under-
stood. Taking into account the approximation (28), we
will use this expression in the simpler form®

2 2
pT—mT )0

. (V=N
p+m"’u1(o)“1(o)+ gz C-pU-p

(31)

Moreover, since

VoY) = B0 4oy —m =, P+ yo Po + p1 —m,

with the Sudakov variables (in the given accuracy)

el SR )
v 4EE1 ) v E2 )
we can represent the numerator p + m in another form:

2 2.
p+m= ugf‘)ﬂg‘) + pin.

2
4EEs (32)

Omitting terms of the order of (3) or higher, the expres-
sions (31) and (32) are exact.

Using (31) for all virtual electrons (of small virtuality)
appearing in the impact factors, we are able to substi-
tute the numerators of all spinor propagators by transition
currents (or generalized vertices) involving real electrons
and real positrons. As we will show in the next section,
those generalized vertices are finite in the limit s — oc.
On the contrary, a numerator like p + m is in that limit
a sum of a finite term p; + m and an unpleasant com-
bination Ev® — p,7. of large terms that requires special
care. Therefore, those replacements significantly simplify
all calculations of the impact factors J;.

Let us notice some important technical points when
calculating spinor products appearing in the impact fac-
tors.

(1) If an electron line with numerator p+ m connects ver-
tices with the emission of one real and one virtual photon,
we have the following spinor structure around p 4+ m:

e(p+m)Py, or Py(p+m)ér.

In this particular case (using (32) and taking into account

PPy = 0) we obtain the simple substitution rule

p+m— ug‘)ﬂg\). (33)

From this discussion it is obvious that within accuracy
(3) the following possible generalized vertices will not ap-
pear in the calculation of impact factors:

7)) Pyl (34)

(2) A vertex with an emission of a real photon, é*, has the
“environment”

(p" +m)e*(p+m).

! Analogously, for the numerator of the propagator for a vir-
tual positron with 4-momentum p = (E,p) and energy E > 0
we find the form

_ 2
LLWEVEY

(N) 5(X) v’
pP=mmupUpt U pl,
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If we use (31) in the form p+m = a+b and i +m = &' +b/
with a = uﬁ)a,@), b= (p2—m2)v£A;5£A;/(4E2) and similar

expressions for @', b, we obtain four terms:
(P +m)e*(p+m) = d'é*a+a'éb+b'e*a+ b'eh.

The last term in this expression is zero, which can be
shown as follows: using for b the form b = (p? — m?)Py/
(4EE5) [see (32)], and a similar one for b’, and taking into
account (14), one finds

lA)/é*lA) x PQé*PQ = ]32 (yepg + éJ_) PQ =0. (35)
From this observation we conclude that in the calculations
of the impact factors generalized vertices of the type

#0eru)

(36)

are also absent.
(3) Tt is easy to check that

20060 — 50 e,

-p —p’

(4) Due to the absence of vertices (34) and (36) general-
ized vertices of “exchange” type can appear only in pairs
(changing the electron state to positron states with neg-
ative 3-momentum and back to an electron state) in the
subsequent emission of two real photons.

3 Vertices for bremsstrahlung processes

3.1 The e(p) — e(p’) + (k)
and e(p) + v*(q) — e(p’) transitions

To calculate the impact factors involving the emission of
real photons we need only two types of vertices: those for
the transition e(p) — e(p’) + (k) where (k) is a real
photon with helicity A and the vertex for the transition
e(p) +v*(q) — e(p’) where v*(g) is a virtual photon with
energy fraction z, = 0 (within our accuracy).

The following vertices belong to the first type?:

V(p. k) = VA (. k) = @) eV uld), (37)
Vo, k) = Tk (o, k) = 20600 = g0y X
(38)

Certainly, the calculation of these vertices does not depend
on the concrete representation of bispinors and v matrices,
but it is very convenient to use the spinor representation

2 We define the vertices as follows: in writing the amplitude
or impact factor from left to right we follow the electron line
from its beginning to its end. In our case this is more natural
than going in the opposite direction along the electron line as
usually done
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described in the appendix. The result of calculation with
accuracy (3) is the following:

Vip, k) = [(5,\>\12 (e(A)*p) (1 —xd4,—22)

+ 5)\,7>\’5A,2>\\/§mx] P, (39)
V(p, k) = —2V2AE'8x _x64.22P, (40)
where
w E SN T
= 2 P =] Ve e, 41
r=2, @=y/ze (41)

It is useful to recall here that for the polarization vectors
e [see (14)] we have

k1
ep =eL pJ_—? .

The vertex of the second type is very simple:

V2 o) 5 E
V(p) = Van(p) = Tu(/\ ' PyulM) = ‘@E‘SM@' (43)

p’

(42)

Let us make some general remarks related to (39)—(43).

(1) We have previously mentioned [after (19)] that the im-
pact factors remain finite in the high-energy limit s — oc.
Now we observe from (39), (42) and (43) that the ver-
tices V(p,k) and V(p) are finite in that limit too. Due
to properties (3) and (4) discussed in Sect.2.3 the “ex-
change” vertices V appear only in combinations [(p* —
m2)/(AE*)|V (p — ki, ki)V (p, kiy1) which also remain fi-
nite. Indeed, the factor p?> — m? (denominator of the con-
sidered lepton propagator between neighbouring real pho-
tons) gives the finite virtuality in the high-energy limit,
the 1/E? factor combines with the energies £ and B’ =
E — w; 41 according to (38) to an energy independent fac-
tor. All calculations are exact up to neglected pieces of
the order of (3).

(2) For the bremsstrahlung of n real photons along an
electron line, the production of factors @, corresponding
to the emission of n real photons and one virtual photon,

F .
@1@2...@,@@(1 = \/Eel()‘:ﬁa:s)\ltpl)
3

is proportional to a phase factor which can be included in
the definition of the corresponding amplitude. Therefore,
in the calculation of this amplitude we can omit all factors
& appearing in (39), (40) and (43).

(3) Up to now we have considered the bremsstrahlung by
electrons. It is quite natural that the presented formulae
are also valid for the bremsstrahlung by positrons. Let

(44)

us consider, for example, the vertex 171(,’\)(%(/1)*1;1(,’,\) which
corresponds to the et (p) — et (p’) +~(k) transition. If we
take into account the relations for bispinors

o = (1)

0= (cu) = () em = (u) o,

o
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and for the v matrices

C-leWro = - (é(/‘)*)T (46)

(here the matrix C' = 724 is related to the charge conju-
gation operator; see the appendix), we immediately obtain

oM e, O = g0eWe N = v(p, k). (47)

3.2 Helicity conserving
and helicity non-conserving vertices

In the further calculations we need only formulae (37)—
(44). But for reference reasons it is convenient to rewrite
them for some particular cases, omitting the factors @.

In the case of the helicity conserved (HC) transitions,
X = ), the vertices are of the form:

V(p, k) =2e*p for A=2\=2), (48)
Vip, k) =2e*p(1—x) for A=-2X=-2)\, (49)
V(p) = V2E/E, (50)
V(p,k) =0 (51)
and additionally [taking into account (42)]
2 p =225, 2e(Tp = V22,
ks + ik

z:px—kipy—%. (52)

In the case of the helicity non-conserving (HNC) tran-
sitions, A = —\, we have3

V-:r— (pa k) = V:—Q—(pa k) = \/me, (53)
‘7-1_-'_— (pa k) = 7‘7__4_(]97 k) = 72\/§E17 (54)
Vi_(p,k) =V (p,k) = Vi_(p,k) (55)

=V (p,k) = Vi (p) = Voi(p) = 0.

3.3 Properties of vertices

From the derived expressions for the vertices the following
properties can be found.

(1) Vertices with a maximal change of helicity,

max |AN = max [A+ X — )\ =2, (56)
are absent, which can be seen from (55). This property as
well as property (4) below is a result of the conservation
of the total angular momentum J, in the strict forward
direction. Indeed, the vertices for HNC transitions do not
depend on the transverse momenta of the particles in the
jet. Therefore, they do not change for transitions setting

3 Here and in the following we use the sign notation both for
the photon polarization A = +1 = 4+ and the lepton helicity
A==x1/2=%
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Fig. 12. Amplitude for the virtual Compton scattering

all transverse momenta to zero. In other words, those ver-
tices can be calculated for the case of strict forward emis-
sion for which the total angular momentum is conserved:
J,=A=A+N.

(2) If the produced photon becomes very hard (w — E)
the initial electron “transmits” its helicity to the photon:

V(p,k) =0, for z—1.

V(p, k) < 04,21, (57)
(3) If the final electron becomes hard (E’ — FE, soft pho-
ton limit, < 1), the initial electron “transmits” its he-

licity to the final electron: in that limit the vertex

Vip. k) = —% (e ki) dan (58)

dominates, which corresponds to the approximation of a
classical current.

(4) For HNC vertices a strong correlation between the
helicities of the initial electron and the photon exists:

A=2)\ if N =-\ (59)

For HC vertices there is no strong correlation between he-
licities of electrons and the photon (excluding the limiting
case of w — E).

(5) From (48), (49) and (52) it can be seen that

Vil o 2®, V2, (60)

where z is defined in (52).

4 Impact factor for the single bremsstrahlung
e(p1) +77(q) — e(ps) + (k)

The impact factor for the single bremsstrahlung corre-
sponds to the virtual Compton scattering (Fig. 12) where
J1 is given as follows:

N, Ns
— 1
2p1 k‘ 2p3k > ’ (6 )

Ji(ex, +7° — ex, +74) = e <
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with

2P,
S

N1 = 7._L3 (f}l — ];3 + m)é*ul,
V2P,

S

N3 = ﬂgé*(ﬁg, + ]AC + m) UL (62)

e = e (k) is the polarization 4-vector of the final photon.
Here for p; — k+m and Ps+ k +m we can use the simple
substitution (33) that allows us to eliminate the numer-
ators of the two spinor propagators and to introduce the
vertices V(p) and V(p, k).

The vertices V(p) are diagonal in the helicity basis and
simply lead to factors 2'/2(1 — z) with = = w/FE; for Ny
and 212 for N;. As a result, we have

1—=x
= V24 —
Ji vfwa[zpﬂj/@hk)

1
— ]
2p3kV(p3 + kak):| )
(63)

with the vertices (recall that e(V)*k = 0)
V(p1,k) = 63,252 (6(/1)*]91) (1 —2d4,-2x,)

+ 5)\1,—)\35/1,2)\1 \/§m1’,
Vips + k. k) = o2 (e7pg ) (1= w0, 21,)

+ 0xy,—2s04,20, V2ma,

(64)

and the @ factor in the form of (44)
1

1—=z

ei(Aspz—Aip1) (65)

From (63) it is clear that the properties of J; are de-
termined by the properties of the vertices described in
Sect.3.3. In the soft photon limit, x < 1, we have the
usual approximation by classical currents:

T = V34ra (epl - p) By 5.

pik  p3k (66)

The impact factor J; can be transformed to a form
which clearly exhibits the proportionality J; o ¢ result-
ing from the gauge invariance of J; with respect to the
virtual photon (see (27)). For this purpose we use (64)
and (42) and rewrite

+ 2 (qJ_eS_A)*) (1 — 33(5/1’,2)\1) (5/\1)\3.
This gives the following result:
J1 = V24na [AV (p1, k) + q.B1] P, (68)
(A)*
1—=z 1 ey
_ - = — 1—x6,4_ Oy e
IR 1 Py (1 —204,—2x,) Oaxg

The last term in Jy is directly proportional to ¢; and it
is not difficult to check that the same is true for the first
term. Indeed, since
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12
2p1k = za, a:mz—&——é‘,
x
2
X k?l
2psk = b, b=m2+<¢h—x>7
we immediately obtain
l—2 (1 1
Ay = - — = . 69
! x (a b)O(qL (69)

As aresult, (68) is a simple and compact expression for all
eight helicity states written in such a form that all indi-
vidual large (compared to ¢ ) contributions are cancelled.

Let us discuss the form of J; for the single bremsstrah-
lung by a positron. We expect that the only difference is
connected with the change of the charge sign —e — +e
in each vertex with the emission of a real or virtual pho-
ton. In our case this gives the additional factor (—1)? = 1;
therefore,

Ji(ef, +7 =€, +7a) =Ji(ey, +7" = e5, +74) -
(70)
To give the formal proof of this relation, we take into
account that going over from electron to positron brems-
strahlung the numerators of the electron propagators p+m
have to be replaced by —p + m for the positrons and the
bispinors u; and @3 for the electrons by those for the posi-
trons v; and vs. In addition, a factor (—1) has to be added
according to one of the Feynman rules*. This gives

* 5N
J1 (63\“1 +5F = e:\: Jr’YA) = (1) - dra <2p11k - 2p§k> ,

with

If we take into account (see the appendix and (45) and
(46)) the relations for bispinors

(=1) -5 = — (Cuy)" = (w)" C71,
vy = C (u3)", (71)

and for spinor propagators

CH=p+m)C = (p+m)T, (72)
and vertices for the real and virtual photons
N AT
clec=—(@)", CBo=—(B), (1)

with the matrix C' = 7?4°, we immediately obtain (70).

* See, for example, rule (9) in the textbook of [45], Sect. 77:
“An additional factor —1 is included in iMy; for... each pair
of positron external lines if these are beginning and end of a
single sequence of a lepton line”
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/

Fig. 13. Feynman diagrams for the impact factor related to
the double bremsstrahlung; diagrams with k1 <> k2 photon
exchange have to be added

The basic equation (63) can be rewritten in another
form, which may be useful in concrete calculations. If we
take into account that

* e’ k * * * k
e'pr = ——- L, e'ps =e€"(p1+4q) =€l (QJ__L>7
x x
(74)
we arrive at the result [21]
Ji(ex, £ = exg +74)
— 8ra YL T T i0ses—2ie) (75)
x

X |:(1 — 1‘(5/1’,2,\1) \/iTe(LA)*(S,\l/\S + m.’L‘S(S)\l’,)\B(SA’Q)\I} s

where the transverse 4-vector T' (in the used reference
frame T' = (0,T,0),T? = —T?) and the scalar S are de-
fined by

(ki/m) L9 (k1/z)

1 1
== o STamy ()
with the useful relation
T? + m>S? = ﬁ. (77)
ab
Since
Toxqr, Socxaqi, (78)

we again conclude that J; o< g .

5 Impact factor for the double bremsstrahlung
e(p1) +7"(a) — e(ps) + v(k1) + v(k2)

5.1 Notation

The impact factor for the double bremsstrahlung corre-
sponds to six diagrams; three of them are shown in Fig. 13.

C. Carimalo et al.: New method for calculating helicity amplitudes. I

We indicate explicitly the helicity states of the initial and
final electrons A1 3 and of the final photons A °:

J1 = V2(4ra)* P Xg M2 (w1, w9, k11, ko, ps1 )P, (T9)

with
! el(Rapz—Aip1)

VX3

Let us stress again that J; and M do not depend on s.
They depend only on the energy fractions

P = (80)

Ti2=wi2/E1, Xs=E3/FE, xz1+22+X3=1,
and on the transverse momenta of the final particles in
the first jet.

We also introduce the transverse vectors (j = 1, 2)

qr =kt +kot +p31, rj=(Xskj —x;p3)1, (81)
and useful complex combinations of the transverse vector
components [cf. (52)]

Kj :ij-f-ikjy, QZQI+1qy7 Rj :Tjaz"_i?njy' (82)
The polarization 4-vectors e; = e (k;) for both final
photons are chosen in the form (14)—(16).

The denominators of the propagators in Fig. 13 are ex-
pressed via the energy fractions and transverse momenta,
as follows:

1
a; = —(p1 — k;)? +m? = f(mgx? + k?L),

Tj
_ 2 2 2.2, .2
bj = (ps+ k)" —m” = X, (m*af +7j.),
a1z = az = —(p1 — k1 — ko)* + m?

=a1+ a2 — (r1kaL — $2k1L)2 )

T1X2
bio = boy = (p3 + k1 + ko)? — m?

=by + by +

(z1koy —xoki ). (83)
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5.2 General formula for the helicity amplitudes

Following the electron line from left to right in the Feyn-
man diagrams in Fig. 13 and writing down the correspond-
ing vertices, we immediately obtain the result for the im-
pact factor J; or the amplitude M of (79). Moreover, if
the electron line begins or ends at a vertex with the vir-
tual photon (the first and last diagram of Fig. 13), we can
use the simple substitution (33) just as in Sect.4. In the
other case we use the substitution rule (31). Therefore, for
the first and the third diagrams we get contributions as
products of two adjacent vertices with real photon emis-
sion from electrons with the simple vertex including the
virtual photon. In the case of the second diagram we have

5 Here the amplitude M differs from the same quantity used
in [24] by a factor Sx_,
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only the product of two vertices with real photons emis-
sion from the electron and the ey* — e transition vertex
located in between those vertices.

Taking into account that the ey* — e transition ver-
tices V(p) lead to energy fraction factors 21/2 X3, 21/2(1 —
x1) and 2'/2 for the first, second and third diagram of
Fig. 13, respectively, we find®

M=1+Pia) M (84)
X
XsM = =2 V(p1, k1) V(p1 — k1, k2)
ajai2
1—2z
- SV (p1, k) V (pr — k1 + g, k2)
albg
+ Vi(pr +q,k1)V(p1 — k1 +q, k2)
bi2b2
o &V(p17 kl)V(pl - k17k2)
a2 4(E1 — wl)Q
1 V(i +q.k)V(pr — ki + g, k2) (85)
bi2 4(E5 + woy)? '

The permutation operator Pio for the photons is defined
by

Piaf(ki,er; ko, e2) = fka, ea; k1, e1),

Now we transform J; to a form which clearly exhibits
the proportionality J; o ¢ . Using the following proper-
ties of vertices:

V(pr+q, k1) = V(p1, k1)
2 (69”*@) (1 —x104,,—20,) Oxsn,

(70

5/12,—2,\) Oxrs (86)

P122 = ].

+

V(p1 — ki, ko) = V(p1 —

<1
V(pl +Q7k1) V(phkl)
V(pr — k1 +q,k2) = V(p1 — k1, k2),

k1+q7k2)_2

X

we obtain the result’

XM = AV (1, k) VIR (o1 — b + ¢, ko)
+QJ_B2§\‘11§132
= VN (pr, k) VA2 (py — K K
Rt 13 s — 2D (sn)
4E1(1—.’171>
with the scalars
X3 1—£E1 1 ~ X3 1
Ay = — + , Ay=——""+4— (88
> ayar a1by b12b2 ? aiz b’ (88)

5 Let us recall that M, V and V are matrices with respect
to lepton helicities; in particular,

Vip. k1) = V{5 (p, k1), V(p,k2) =

and that in (85) the summation over \ is assumed
7 We explicitly indicate all external helicity states; lepton
helicity A is summed up

M = MMiAz

As
A1A3 7 V)\)\zg(p7 k2)7
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and the transverse 4-vector Bs

265_/12)*

A1Ag _
B = —x,

X (1 -T2

1—
Qe(fl)*
b12b2

Vi (pr,k
01012 ,\1,\3(]31 1)

5/12,—2/\3)

A
V)\12)\3 (p1

(89)

+ — k1 +q k) (1 — 2104, —2x,) -

It is not difficult to check that the quantities Ay and A
vanish in the limit of small ¢ :

Ay oxqr, Ayoxqu, (90)
whereas By is finite in this limit.

Let us stress that (84) together with relation (87) rep-
resents a very simple and compact expression for all 16
helicity states, where all individual large (compared to ¢, )
contributions have been rearranged into finite expressions.

5.3 Explicit expressions for the helicity amplitudes

Due to the parity conservation relation

MR = ()M (M) (o)
there are only eight independent helicity states of M
among the whole set of 16. We fix the choice of the in-
dependent amplitudes by fixing the helicity of the initial
electron to Ay = +1/2 = +. To find the amplitudes with
given initial and final helicities, we start from (87) and
substitute there the expressions for vertices taken from
(48), (49), (52)—(55).

Using the complex combinations (82) we immediately
obtain the amplitudes M:

M+ —9) g, it 1 B 2
A { 2I1~”52X3 * r1ai1a12 22 X3b12bo
MY = X3 (M), (92)
Mt =-2(1—m)
KR} K.1Q* QR; >
x [ A + - , (93
( I S e (93)
X
+- _ 3 —+\*
My = A=m? (M)
24,0002 4 94
(e ). (99)
_ R Q
M= =2 A
- i ( ? 2X3 * a1a12>
_ Q
Mt =2m Ayg— —
- X3 ( Z1 b12b2 ’
M=o, (95)
1
Mt = (X3M+ + M) (96)
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Fig. 14. Feynman diagrams for the impact factor related to
the triple bremsstrahlung; diagrams with the exchange of the
final photons have to be added

All expressions are either identical [(92), (93) and (95)]
to the amplitudes in [24] or can be transformed [(94) and
(96)] after some algebra to those amplitudes.

As a result, we obtain all eight independent helicity
amplitudes in the form®

ML = (14 Pi) MEL,
MIL =ML +PM Y,
M~ =0.

My =X (ML),
M_T_i = Plz/\/li;, (97)

The amplitudes are explicitly proportional to @ or to the
functions A; and Ag. Therefore, they vanish « |q | | in the
limit g, | — 0.

The spin-flip amplitudes (with A\; = —A3) are pro-
portional to the electron mass m and, therefore, they are
negligible compared to the spin non-flip ones for not too
small scattering angles:

m
X3F,

<Oy <1, <3< 1. (98)

T1,200

We also note the explicit Bose symmetry between the two
photons in the amplitudes (98):

MG (B w03 K, w2) = MU (K, 27 K 2). (99)

6 Impact factor
for the multiple bremsstrahlung

e(p1) +7*(q) = e(ps) +v(k1) + ... +v(kn)

The generalization of the results obtained in Sects. 4 and 5
to the bremsstrahlung of n photons can be done straight-
forwardly. To demonstrate this, we consider the case n = 3

8 To clarify the notation we stress that in (98) with given
polarizations the operator Pi2 simply interchanges the indices
1<+ 2 and

X 3 1-— T2 1

Ay = -
Prads a20a12 b1b12

a2b1
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(Fig. 14) which clearly shows all nontrivial points of the
multiple bremsstrahlung.

The helicity states of the initial and final electrons A 3
and of the final photons A; > 3 are indicated explicitly in
the impact factor:

Ji = V2(4ra)? (100)
x Xg MM (2, 29, 03, k11 koL ka1, psL)@,

where @ has the form (80). The quantities J; and M do
not depend on s, but depend only on the energy fractions

Ti23 =wi23/E1, Xs=E3/E, zi+zetas+Xs=1,

and on the transverse momenta of the final particles in
the first jet with

3
qL = Zku + p31-
=1

For the denominators of the propagators in the diagrams
of Fig. 14 we use the notation (i,j =1,2,3)

a; = —(p1 — ki)* + m?,

by = (p3 + ki)* —m?,

aij = *(pl —k; — kj)z + 77127 (101)
bij = (p3 + ki + kj)* —m?,
ares = —(p1 — k1 — ko — k3)* +m?,
bios = (p3 + k1 + ko + k3)?* — m?.
Just as in Sect. 5.2, we obtain
M = (1+P)(M+ M), (102)
P = P12 + Paz + P13 + P13P12 + P13Pas,
X
X3M = 73‘/(}717]61)
41412123
X V(p1 — ki, k2)V(p1 — k1 — ko, k3)
1—21— 2o
S S ST
a1a12b3 (p1, 1)
X V(p1 — k1, k2)V(p1 — k1 — k2 + ¢, k3)
1— T
vV k 103
a1ba3b3 (Pr k1) (103)
X V(pr —ki+q,k2)V(pr — k1 — ka + ¢, ks3)
—V(p1 +q,k
b123b23b3 (P10 )
X V(p1 = ki + q, k2)V(p1 — k1 — k2 + ¢, k3),
~ X3 V(p, k)V(p1 — ki, ka)
Xyl = —
3 a12a123 4(Ey —wr)?
X V(p1 — k1 — ko, k3)
X
— —V(p1, k)
a12a123

Vi(py — k1, ko)V(py — k1 — ko, k3)
4(E1 — W1 — LUQ)2
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1 — a1 — 29 V(p1, k))V(p1 — k1, ko)

a12b3 4(Ey —wr)?
X V(pr — k1 — k2 +q,ks3)
]_ _
+ =V (pr, ) (104)
a1bo3

y V(pr — k1 + q,ka)V(p1 — k1 — ko + q,k3)
4(E1 — W1 — w2)2
1 V(p1+q.k)V(pr — k1 +q, ka)

b123b3 4(E1 — wy)?
x V(p1 — ki1 — ko +q, ks3)
. Vipy +q. k

b123b23 (pr+g. k1)

y Vi(p1 — ki + q, k2)V(p1 — k1 — ko + q, k3)
4(E1 — W1 — w2)2

To show that J; vanishes as « ¢ in the limit ¢, — 0,
we follow the same line of action as in the previous section.
This gives

XM = A3V (p1,k1)V(p1 — k1, k2)V(p1 — k1 — ko, k3)
+ q1 Bs,

~ = V(p1, k)V(pL — k1, k2)
X3M = Az 4(E1 — w1)2

V(p1 — k1, ka)V(p1 — k1 — ko, k3)
4(E1 — W1 — (.U2)2

V(pr — k1 — ko, k3)

+ A/SV(plv kl)

+ q.Bs, (105)
where

Au — X3 1—.’1,'1—1'2 1—1‘1 1

> ayaiza10s aya12b3 aibagbs  bi23basbs’
~ X3 1-— r1 — T2 1
AS = - - )

a12a123 a12b3 b123b23

~ X3 1-— T 1
Al = — - , 106

3 120123 a1ba3 b123b23 ( )

and the 4-vectors B3 and Bs can be easily found from
(104)—(106). The quantities As, A3 and Aj vanish in the
limit of small ¢,

Agoxqr, Asoxqr, Ajocqy; (107)
the transverse 4-vectors B; and Bs remain finite in this
limit.

Again, (103) with the relations (105) is a very simple
and compact expression for all 32 helicity states where all
individual large (compared to ¢, ) contributions have been
cancelled.

7 Some general properties
of bremsstrahlung impact factors

We discuss now some general properties of impact factors
for the emission of real photons using mainly the double
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bremsstrahlung as example. For that case (79), (84) and
(87) define a simple, compact and transparent expression
for the vertex factor which allows one to obtain imme-
diately all general properties obtained in [24] only after
lengthy calculations. All those properties are directly re-
lated to the corresponding properties of vertices discussed
in Sect. 3.3.

(1) Bremsstrahlung amplitudes or impact factors with a
maximal change of helicities are absent since in this case at
least one transition vertex has to appear with a maximal
change of its helicities (= 2) as well. Thus we have

M=0 formax|AN =n+1, (108)
where AX =Y | A; + A3 — Aq is the change of helicity in
the transition from the first initial lepton to the first jet.

In the case of the double bremsstrahlung, this corresponds
to

MIZ =Mt =0

(2) If one of the final particles in the jet (including the final
lepton) becomes hard (w; — E; or E3 — FEj), the sign of
the helicity of the initial lepton coincides with that of the
helicity of the hard final particle. This is the consequence
of properties (2) and (3) discussed in Sect. 3.3.

(3) In HNC amplitudes the sign of the helicity of at least
one final photon has to coincide with the sign of the initial
lepton helicity

ML o b, o, (109)
(4) The dependence of the whole amplitude M on complex
parameters of the form z and z* defined in (52) can be
easily reproduced for the whole amplitude using (60).

(5) As can be seen from (51), (54) and (55), the V ver-
tex may contribute only if the electron line connects two
vertices with the emission of real photons. Both these ad-
jacent vertices are HNC-type transitions so that the origi-
nal lepton helicity is re-established after passing these two
vertices going along the lepton line. In our example, this
happens for the two independent amplitudes (contribu-
tions including the A} factor):

MEIT = (M2, MIT=(MID)".

Since the number of real photons is two in that case, the
initial and final lepton helicities have to coincide for those
amplitudes.

(6) It is known that for soft photons (approximation of
classical currents) the bremsstrahlung matrix element fac-
torizes into a term responsible for the soft photon times
an amplitude without the soft photon. In our approach
this can easily be realized using the following arguments.
The form of a vertex in the soft photon limit is given by
(58). Furthermore, a virtual electron propagator close to
a soft photon might have an infrared singularity only, if
the soft photon is either at the beginning or the end of
the electron line in a Feynman diagram. This has also the
consequence that only those diagrams can contribute to
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the soft photon limit. Therefore, for a soft photon at the
beginning of the electron line we have the vertex

2 Aq)* *
V(p1, k1) = —;(61 D1 )8 = 20U p1)8x
1
and the denominator of the corresponding electron prop-

agator
(p1 = k1)* =m® = =2p1ky

(and analogously for the soft photon at the end of the elec-
tron line). The remaining part of the amplitude is then
taken at k1 = 0 and represents the impact factor for n —1
bremsstrahlung photons. As a result, we get the factor-
ization property for the impact factors (assuming the first
photon being soft):

1 <6A1 (p1) +7"(q) = exs(ps) + ZM(’%))

i=1

(A1)* (A1)*
(L

110
p1k1 p3k1 ( )

xJ1 (6,\1 (p1) +7"(q) = ex,(p3) + Zm(’@)) :

The generalization to m soft (first) photons out of n
bremsstrahlung photons is obvious:

J1 (% (p1) +7°(q) = exs(p3) + D _ V4, (k’i)>

i=1

m (As)* (Aq)*
H <€ b1 e P3> (111)
p1k; p3k;

=1

— (dra)™/? {
xJy (6,\1 (P1) +77(q) — exs(ps3) +

(7) For a process with the emission of n real photons we
have the relation between the impact factors for initial
positron and electron:

Jilex, +7" = ey, +va; + o+ 7a,) (112)
= (—1)""'{]1(6;1 + 9" = ey, tya, +. + YA, )-

This may be easily proven repeating the arguments given
for the single bremsstrahlung in Sect. 4.

(8) Let us consider the connection between the impact
factor Ji for the first jet discussed in Sect.3-6 and the
impact factor J, for the second jet. If the impact factor
J is related to the process

ex; (p1) +77(0) = exs (p3) +7a, (k1) + . + 74, (kn),
it is a function of the following parameters:
J1 = Ji( A5 A3, X3, p3; Av, v, ks o5 Ay Ty k),

where X3 = E3/E; and z; = w;/E;. The impact factor
Jo, related to the process

exs(p2) + 7 (—q) = ex, (pa) + v, (k1) + ...+ 74 (Fa),

C. Carimalo et al.: New method for calculating helicity amplitudes. I

depends on the parameters

;Ana gru knJ_)

where Y, = E4/E; and §; = @;/E>. Any 4-vector k=
(w,k1,—k,) for a particle in the second jet can be ob-
tained from the 4-vector k = (w,k,, k) for a particle in
the first jet by spatial inversion and further rotation by
an angle m around the new z-axis. Since this operation
changes the signs of helicities of leptons and photons, the
impact factor Jy is derived from J; by the following sub-
stitution rule:

Jo = Ja(Ao; A, Ya, pat; A, 1, ks -

Jo = Ji(=A2; =1, Ya,pay;
—Ay, 41,k

;7Anagn’knL)- (113)

8 Summary

In the present paper we have formulated a new effective
method to calculate all helicity amplitudes for bremsstrah-
lung jet-like QED processes at tree level.

The jet kinematic conditions of (2) here considered
provide the main contribution to the total cross sections
of these processes at high energy. Within this kinematics,
it is possible to obtain simple expressions of helicity am-
plitudes with an accuracy defined by (3). In this region,
these amplitudes can be presented in the simple factorized
form (4), where the impact factors J; or Jy are propor-
tional to the scattering amplitudes of the first or second
initial lepton with the virtual exchanged photon.

The main advantage of our method consists in the use
of simple universal “building blocks” — transition vertices
with real leptons — which are matrices with respect to lep-
ton helicities. Those vertices replace efficiently the spinor
structure involving leptons of small virtuality in the im-
pact factors, making the calculations short and transpar-
ent for any final helicity state. In the calculations we ex-
ploit a convenient decomposition of all 4-momenta of the
reaction into large and small components involving Su-
dakov (or light-cone) variables.

The vertices themselves or their allowed combinations
with well-defined prefactors (see the discussion in Sect. 3.1)
are finite in the high-energy limit s — oco. In the case of
bremsstrahlung we have found that only three nonzero
transition vertices are required. The calculation of the
vertices can be conveniently performed using the spinor
or chiral representation of bispinors and v matrices. The
properties of the vertices, discussed in Sect. 3.3, determine
all nontrivial general properties of the helicity amplitudes
described in Sect. 7.

By construction, the impact factors are finite in the
high-energy limit and depend only on energy fractions and
transverse momenta of particles in the final jet, and on the
helicities of all real photons and leptons.

In Sects. 4-6 we have calculated the impact factors for
single, double and triple bremsstrahlung, following the
same principles. In a first step, we use the allowed ver-
tices to write down the corresponding impact factors; see
(63), (84), (85) and (103)—(105). In the next step, we use
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gauge invariance with respect to the virtual photon of 4-
momentum ¢ and rearrange the impact factors into a form
in which all individual large (compared to ¢, ) contribu-
tions have been cancelled, see (68), (75), (87), (98) and
(105). Let us stress here again that the known results for
bremsstrahlung helicity amplitudes to order e? and e> are
now obtained almost immediately using this new method,
while handling the spinor structure directly leads to cum-
bersome and tedious calculations in the case, for instance,
of double photon bremsstrahlung. The result of order e*
for the triple bremsstrahlung in one direction is completely
new.

We have also defined rules to go over from impact
factors with initial electrons to those with positrons [see
(112)] and from the impact factors for the first jet to that
for second jet (113).

Those rules together with the found impact factors al-
lows us to give a complete analytic and compact descrip-
tion of all helicity amplitudes in e~ e scattering with the
emission of up to three photons in one lepton direction,
where in the last case 25 x 2° different helicity amplitudes
are involved.

Since by construction individual large contributions
(compared to ¢, ) have been rearranged into finite expres-
sions, the expressions obtained for the amplitudes are very
convenient for numerical calculations of various cross sec-
tions.

Until now we have formulated our new method only for
the case of photon bremsstrahlung from leptons. A next
paper will be devoted to QED processes with production
of lepton pairs [46].
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Appendix

In this appendix we collect some useful formulae for the
spinor or chiral representation (see, for example, [44] and
the textbook of [45], Sect. 20, 21 and 26).

We start with the standard representation in which an
electron with momentum p, energy E = (p? +m?)/? and

helicity A = £1/2 is described by the bispinor
u —
P AWE —mwMN(n) |’
p

n = —— = (sinf cos p, sin O sin @, cos 6).

|p|

VE +mwM(n)

The two-component spinors w(’\)(n) obey the equations

(en)wM(n) = 220N (n), WMt M)W ) (n) = sy,
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and have the form

. 0
e™19/2 cog =

w1/2) (n) = 21,
iv/2 gin =
e sin >
. 0
—e~1%/2gin =
w(*1/2)(n) - ' 21,
e?/2 cos 3

with properties

o, w™N*(n) = 2w N (n),  wMN(—n) = iw N (n)

(here o are the Pauli matrices). The normalization condi-
tions are

ag‘)u;ﬁ') =2mdrx, Z u](;‘)ag‘) =p+m.
By

For the initial electron with momentum p, (p,) along (op-
posite) the z-axis we use § = 0 (¢ = w). For the final elec-
tron with momentum p; in the first jet we use = 65 and
for the final electron with p, in the second jet 8 = m — 6.

The Dirac matrices in the standard representation are
defined by

0 __ 10 . 0 o
Y= 0 -1 . o 0 )
0 -1
5 _

A positron with momentum p, energy E =
mz)l/ 2 and helicity X is described by the bispinor

vg‘) =C (ﬂg\))T )

(p* +

with the charge conjugation matrix
C=+" Cc=-C"=C"", C'C=—,.
Therefore, for a positron we get the bispinor

) . \/E—mw(i)\)(n)
vV =1
P —2M\WE +mwN(n))’

with the normalization conditions

171(3‘)1)1(,)‘/) = —2mby, Z vz(,)‘)l_);(,)‘) =p—m.
A

At high energies the bispinors v and v in the standard
representation have top and bottom components of the
same order, ~ E'/2 with relative corrections ~ m/E.

A simpler and more convenient structure of bispinors
can be found in the spinor or chiral representation, the
transition to which is given by the matrix

41y 5 1 [11
U=U —E(v _’y)_\/ﬁ(l—l)'
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In the spinor representation the electron bispinor is

oy _ L ((\/E+m+2)\\/E—m) wo‘)(n)> .

Jup” = V2 \ (VE+m = 2A\E —m) w™ (n)
At high energies E > m this bispinor has a large top
component ~ FE'/2 and a small bottom component ~
(m/EY?) for A\ = +1/2 and vice versa for A = —1/2,
which is very useful for our analysis. Furthermore, in this
representation the corrections to the high-energy asymp-
totics

2B/m) v (n)
ng\) ~vm
(2 /m) w(n)

is of the relative order of m?/E?. The approximate for-
mulae for the positron bispinor in that representation are

—(2E/m)™* wV(n)
Uvé’\) ~ 2i/m
(2E/m)* w=Y(n)

(2B /m) > w(n)
Uv(_/\; ~2\/m
~(2E/m)* wM (n)

Omitting terms of the order of #2, we obtain the fol-
lowing simple expression for the two-component spinor:

w(’\:+1/2)(n) - <1> e~ NP,
a

w(/\:_l/2)(n) = (?) e_i)‘tpv

. 1 —9)\)x
a = \e?r? = f—pLei 2

V2E
()

and the 4-vector e\’ is given in (16).
To calculate the vertices (37), (38) and (43) in the
spinor representation we need the two matrices

U7OP2U_1:E2<1+UZ O ),

where

0 1—o,

Urle UL

I
N
|
o
o
Q
}7
o
q ©
}_
N——
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